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INTRODUCTION 
The successful development of an effective NDE technique depends on a full 
understanding of the physics of ultrasound interaction with the test material. This can be 
best achieved through numerical simulation of the wave propagation and scattering in 
the test material. A good numerical model can supplement the information provided by 
laboratory measurements on manufactured faulty bonds. Numerical models provide 
controllable quantitative information, subject to their own limits on accuracy, but free 
from the uncertainties attached to many practical ultrasonic measurements. 
Finite-difference (FD) models are based on a solution of the wave equations, subject 
to the relevant boundary conditions, over the discretised space and time domains. They 
provide the full-wave solutions in all parts of the computational domain, in terms of 
either a stress or a displacement field. 
The method involves the formulation of equations for the time development of 
displacement at particular grid points, which satisfy the basic boundary conditions. 
These formulations become the building blocks for model development, and enable the 
inclusion of free surfaces, solid/fluid interfaces, line and graded interfaces between 
different solids as well as a range of corners. Subject to certain constraints, these 
models can handle a wide range of transient wave sources and their interaction with 
features with dimensions ranging from one-twentieth of a wavelength to several 
wavelengths [1,2]. 
In the models developed here, the partial derivatives in the equations of motion and 
the boundary conditions are replaced by their second order centred difference 
approximations [2]. Hence the scheme is second order in accuracy. 
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OBJECTIVES 
The finite-difference schemes developed by the group are used for modelling elastic 
wave scattering from features such as discrete surface-breaking and internal defects, 
voids, inclusions and imperfect bonds. Imperfect bonds, such as a diffusion bond 
between two solids, are modelled with a distribution of discrete defects along the 
bondline. 
Generally, the size of the defect is much smaller than the dimensions of the 
complete structure in which it occurs. When modelling the scattering from defects we 
are mainly interested in the near-field of the scatterer. It would be computationally 
wasteful therefore to apply an FD scheme to regions far from the scatterer, or for 
propagation through regions where there are no scatterers. Hence, we will have to 
introduce artificial boundaries to define the edges of the computational space. 
Special treatment is needed for nodes along these artificial boundaries if spurious 
and unwanted reflections are to be avoided. Many different approaches have been 
reported by workers in this field [3-5], but we defined our own requirements and set 
about achieving them in the manner described below. 
It was thus decided to develop an absorbing or radiating boundary with the 
following characteristics: 1) waves should pass through the boundary uninterrupted, 
with no energy being reflected back into the system, 2) the boundary condition together 
with the interior difference scheme should define a well-posed and stable problem, 3) 
the boundary condition should be effective for both shear and compressional wave 
incidence, 4) it should be effective over a large range of angles of incidence, 5) it 
should be a second order differential equation, compatible with the interior difference 
scheme, 6) it should be simple to understand and simple to implement. 
APPROACH 
The elastic wave equation is of the form: 
where a. and J3 are the compressional and shear wave velocities. The solution of the 
elastic wave equation can be obtained by the superposition of elastic wave vectors: 
u(x,z,t) = 4>(~x+"z-wt)q 
where 
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(1) 
(2) 
cI> in the above expression is some suitable univariate potential ,function. 
If we consider a compressional wave source, travelling in the positive z direction, 
hitting an artificial or analytic boundary at z =zo that bounds the computational domain z 
:$; zo, a reflected and a mode-converted wave are generated to satisfy the boundary 
condition. Thus the solution to the wave equation that satisfies the boundary condition 
will be: 
(3) 
where 1(11)0 and a2(~2+112)=~2(~2+r(2). Rpp and Rps are the compressional and shear 
wave reflection coefficients respectively, for a compressional wave incidence. A similar 
expression is obtained for a shear wave incidence, with two additional reflection 
coefficients, Rss and Rsp . 
In order to remove the reflections from the artificial boundary, we need to 
differentiate between the two directions of wave travel, i.e. +ive z and -ive z. The sign 
of the term ro11 determines the direction of propagation, roT) > 0 means travel in the 
+ive z direction and ro11 <0 means travel in the -ive z direction. 
The second order partial differential term that yields roT) is U/Z • Thus the 
requirement for the absorbing boundary condition is that it should contain U/Z and be a 
second order differential equation. 
We can therefore write the absorbing boundary condition as: 
(4) 
This is of a form similar to the elastic wave equation, where un which does not 
contain any directional information has been replaced by U/Z • The next task would be to 
determine the three coefficients A,B and C in the above equation. This is done by 
requiring that the four reflection coefficients Rpp ,Rps ,R .. and Rsp , be zero for three 
distinct angles of incidence. 
If we choose these three angles to be -9\, 0 and 9\, simple algebraic manipulation 
yields: 
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where 111 =COS 81• 
Substitution of these coefficients into the above equation results in an absorbing 
boundary condition which gives complete absorption at the three angles of incidence, 
with a substantially reduced reflection coefficient for any angles in-between. 
The actual implementation of this absorbing boundary in a finite-difference scheme 
is by elimination of Uzz in the elastic wave equation (1) through the substitution of the 
boundary condition (4). The partial differential terms are then substituted by their 
difference quotients . This will then yield an explicit centred-difference formulation with 
respect to time. 
It should be noted that the boundary condition given by equation (4) is a simple 
differential equation, which could be incorporated into other numerical methods for 
solving the elastic wave propagation problem, such as the finite element method. 
RESULTS 
The simple geometry used to demonstrate the effectiveness of the new absorbing 
boundary is shown in figure 1. The chosen example models the scattering of an incident 
compressional or shear wave pulse at a rectangular slot on a stress-free boundary. The 
results are in the form of numerical visualisations where a vector is drawn to indicate 
the displacement of each grid point from its unperturbed position [2]. The scattered field 
around the slot is shown in figure 2. The two visualisations show clearly the difference 
between no absorbing boundary (upper) and the effect of the absorbing boundary 
(lower). 
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Figure 1. The modelled geometry, showing the rectangular slot on a stress-free 
boundary and the position of the absorbing boundary. 
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Figure 2. The scattered field around the slot. The top figure is for NO absorbing 
boundary, and the lower figure is for when the absorbing boundary is introduced. 
The spurious reflections from the bottom boundary are clearly visible in the upper 
plot in figure 2. These have completely disappeared in the lower plot, where the 
outward travelling wave fronts appear to be continuing undisrupted through the bottom 
absorbing boundary. Figure 3 shows the equivalent scattered field for the case of an 
incident shear wave pulse. Again, in the upper plot a strong reflection from the bottom 
boundary is visible for when the absorbing boundary in not used. In the lower plot the 
use of the new absorbing boundary has resulted in no spurious reflections and all the 
outward going waves have passed through this boundary undisrupted. 
A rigorous test of the effectiveness of the new absorbing boundary is to calculate 
the magnitudes of the four reflection coefficients Rpp , Rps , Rsp and Rss , i.e. with both 
shear and compressional wave sources. The results for two sets of angles are shown in 
figure 4. In figure 4(a) the three angles chosen for total absorption are _15°,0° and 
+ 15°. In figure 4(b) the three chosen angles are _30°,0° and +30°. These results clearly 
demonstrate the importance of the choice of the three angles. In figure 4(a) although the 
reflection coefficients are almost zero within the chosen range, outside this range some 
reflections could be large. But for the case in figure 4(b), over a very large range of 
angles (-60° to + 60°) all the four reflection coefficients are below about 10%. Parallel 
or grazing incidence is the only case for which it is not possible to reduce the 
magnitudes of the reflection coefficients. 
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Figure 3. The scattered field around the slot for a shear wave source. The top 
figure is for NO absorbing boundary, and the lower figure is for when the absorbing 
boundary is introduced. 
CONCLUSIONS 
A new absorbing boundary condition has been defined and implemented for finite-
difference models of elastic wave scattering. It is a relatively simple treatment, and 
unlike other absorbing boundaries which provide zero reflection for normal incidence 
only, it works well over a large range of angles. It works just as well for both shear 
and compressional wave incidence without having to sacrifice the simplicity of the 
governing equations. It is a second order scheme compatible with the rest of the model, 
and it does not rely on the introduction of any extra 'buffer' regions around the edges 
of the model. Reflection coefficient calculations and numerical visualisations have both 
been used to demonstrate the effectiveness of the new absorbing boundary condition in 
suppressing unwanted reflections from the edges of the computational space. 
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Figure 4. Magnitudes of the four reflection coefficients at the absorbing boundary, 
for the cases of complete absorption at (a) -150 , 0", + 150 and (b) -30", 0", +30". 
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